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Abstract 
Kato, H., Concerning continuum-wise fully expansive homeomorphisms of continua, Topology 
and its Applications 53 (1993) 239-258. 
In our previous paper, we introduced the notion of continuum-wise expansive homeomorphisms 
which contain all expansive homeomorphisms, and studied several properties of those homeo- 
morphisms. In this paper, we study further more properties of continuum-wise expansive 
homeomorphisms and consider a special class, which is contained in the class of continuum-wise 
expansive homeomorphisms. We introduce a new notion of continuum-wise fully expansive 
homeomorphisms, which often appear in chaotic topological dynamics and continuum theory. 
We investigate several properties about indecomposability and dimension of continua which 
admit such homeomorphisms. In particular, if a plane continuum X admits a continuum-wise 
fully expansive homeomorphism, then X is indecomposable. 
Keywords: Expansive homeomorphism; Inverse limit; Shift map; Topologically transitive; Topo- 
logically mixing; Indecomposable; Dimension. 
AMS (M&T) Subj. Class.: Primary 54B20, 54820; secondary 54B2.5, 54F50, 58F15. 
Introduction 
We assume that all spaces are metric spaces. By a continuum, we mean a 
nondegenerate compact connected metric space. By Z, we mean the set of 
integers. Let X be a compact metric space with metric d. A homeomorphism 
f : X+X is called an expansive homeomorphism [6, p. 861 if there is a positive 
number c > 0 such that if x, y EX and x # y, then there is an integer n = n(x, y) 
E Z such that 
d(f”(x), f”(Y)) >c. 
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This property has frequent applications in topological dynamics, ergodic theory 
and continuum theory (see [1,5,6,22,29]). 
A homeomorphism f : X+X is called a continuum-wise expansive homeomor- 
phism (respectively a positively continuum-wise expansive homeomorphism) [ 191 if 
there is a positive number c > 0 such that if A is a nondegenerate subcontinuum 
of X, then there is an integer n = n(A) E Z (respectively a natural number n 2 0) 
such that diam f”(A) > c, where diam S = sup{d( x, y)lx, y E S} for a set S of 
X. Such a positive number c is called an expansive constant for f. Clearly, every 
expansive homeomorphism is continuum-wise expansive, but the converse asser- 
tion is not true. In fact, there are many important continuum-wise expansive 
homeomorphisms which are not expansive homeomorphisms (see [19]). 
In this paper, we introduce the notion of (positively) continuum-wise fully 
expansive homeomorphisms, which are contained in the class of continuum-wise 
expansive homeomorphisms, and we investigate several properties of those homeo- 
morphisms. In particular, we prove that if a plane continuum admits a continuum- 
wise fully expansive homeomorphism f, then either f or f-’ is positively contin- 
uum-wise fully expansive and the continuum is indecomposable. 
We refer readers to [1,5,6,29] for basic properties of expansive homeomor- 
phisms and [19] for several properties of continuum-wise expansive homeomor- 
phisms. 
1. Continuum-wise expansive homeomorphisms and stable, unstable subcontinua 
In this section, we study further more properties of continuum-wise expansive 
homeomorphisms and stable, unstable subcontinua. 
Let f : X+X be a homeomorphism of a compact metric space X. For any 
E > 0, let W,’ and W,’ be the local stable and unstable families of subcontinua of X 
defined by 
W,’ = {A E C( X)) diam f”(A) G E for each n 2 0} 
and 
W,“={AEC(X)(~ iam f-“(A)<&foreachn>O}, 
where C(X) is the hyperspace of all nonempty subcontinua of X which has the 
Hausdorff metric d, (see [241), i.e., d,(A, B) = inf{s > OJU,(A) 3B and U,(B) 3 
A], where U,(A) denotes the s-neighborhood of A in X. Note that C(X) is a 
compact metric space with metric d, (for more properties of C(X) see [24]). 
Also, define the stable and unstable families W” and W” of C(X) as follows; 
and 
W” = A E C( X)1 lim diam 
n-m 
W”= A EC(X)\ lim diam 
n4cc 
f”(A) =o) 
f-“(A) =o . > 
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We should note that continuum-wise expansive homeomorphisms have the follow- 
ing useful properties. 
Proposition 1.1 [19, (2.111. Zf f : X+X IS a continuum-wise expansive homeomor- 
phism of a compact metric space X with an expansive constant c > 0, then for any 
c > & > 0, W” = (f-y A)[/4 E WCS, n > 0) and W” = {f”(A)IA E W,“, n z 01. 
Proposition 1.2 [19, (2.3)]. Let f : X*X be a continuum-wise expansive homeo- 
morphism of a continumm X with an expansive constant c > 0. Let c > 2e > 0. 
Then there is a positive number S > 0 such that if A E C(X), diam A < 6 and 
diam f”(A) > F for some m E Z, then one of the following conditions holds: 
(a> If m > 0, then for any n > m there is a subcontinuum B of A such that 
sup{diam f’(B) Ij = 0, 1, . . . , n} G F and diam f ‘YB) = 6. 
(b) If m < 0, then for any n > -m there is a subcontinuum B of A such that 
sup{diam f-j( B)(j = 0, 1,. . . , n} <F and diam f-“(B) = 6. 
Proposition 1.3 [19, (2.411. Let f, c, E and 6 be as in Proposition 1.2. Then for any 
17 > 0 there is a natural number N = N(q) > 0 such that if A E C(X) with diam A 
> 7, then diam f”(A) 2 6 for all n 2 N or diam f-“(A) > 6 for all n > N. 
Proposition 1.4 [19, (4.6)]. If f : X+X is a continuum-wise expansive homeomor- 
phism of a continuum X, then there is an expansive constant c > 0 for f such that for 
any nondegenerate subcontinuum A of X there is a Cantor set C in A such that one of 
the following two conditions holds : 
(+I Zf c, C’EC and cfc’, then there is a natural number n > 0 such that 
d( f “Cc), f “Cc’)) > c. 
C-1 If c, C’EC and CZC’, then there is a natural number n > 0 such that 
d( f-“(c), f -“(c’)) > c. 
Proposition 1.5. Let f : X + X be a continuum-wise expansive homeomorphism of a 
continuum X. Then f is positively continuum-wise expansive if and only if for any 
E > 0 there is a positive number 17 > 0 such that if any A E C(X) with diam A < 7, 
then A E WEu. In particular, if f is a positively continuum-wise expansive homeomor- 
phism, then f- ’ is not positively continuum-wise expansive. 
Proof. Suppose that f is positively continuum-wise expansive. We may assume that 
c, E and 6 are as in Proposition 1.2. Suppose, on the contrary, that there are a 
sequence A,, A,, . . . of subcontinua of X and a sequence qr > q2 > . . . of 
positive numbers such that A,, $5 W,“, diam A, G 7, for each n and lim, _mq77n = 0. 
By Proposition 1.2, we may assume that there are a sequence B,, B,, . . . of 
subcontinua of X and a sequence n(1) < n(2) < . . . of natural numbers such that 
Bi CA,, sup{diam f-‘( Bi)[ 0 ,< j G n(i)} G E and diam f-““‘(B;) = 6. We may as- 
sume that lim,,,f-“(“(B,) = B. T hen B is a (nondegenerate) subcontinuum with 
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diam B = 6 and B E W,’ c W”. Since f is positively continuum-wise expansive, this 
is a contradiction. The converse assertion is obvious. q 
A continuum X is called a Peano continuum if X is locally connected. For the 
case of Peano continua, we have the following theorem. 
Theorem 1.6 (cf. [7, Proposition Cl>. Let f : X +X be a continuum-wise expansive 
homeomorphism of a Peano continuum X with an expansive constant c > 0. Then for 
any E > 0 there is 6 > 0 such that for any x E X there are nondegenerate subcontinua 
A, and B, of X such that x EA, n B,, diam A, = 6 = diam B, and A, E W,‘, 
B, E WCu. 
Proof. We may assume that c > 0 is as in Proposition 1.4 and F and 6 are as in 
Proposition 1.2. Let x0 be a point of X. We shall show that there are desired 
subcontinua A,,, and BxO of X. Choose a sequence 6 > 71 > n2 > . . . of positive 
numbers with lim i +m~i = 0 and ch oose a subcontinuum A, of X with x0 E A, and 
diam Ai = vi for each i. By Proposition 1.4, we may assume that there is a Cantor 
set C, in Ai such that (+> is satisfied, i.e., if c, c’ E C, and c # c’, then there is 
n > 0 such that d(f “(cl, f “Cc’>> > c 1,s. Since X is a Peano continuum, there is a 
sufficiently large natural number N such that if D is a subset of X such that 
1 D( &N (where (D( denotes the cardinality of D), then there are two points d, 
and d, of D such that there is an arc E from d, to d, in X with diam E < 6/2. 
Since Ci is an infinite set, we can choose two points c and c’ of C such that for 
some natural number n(i) > i > 0, sup{d( fj( c), f’( c’))l j = 0, 1, 2,. . . , n(i)) > c > 
E, and there is an arc Ei from f’(‘)(c) to f ‘(‘)(c’) in X with diam Ei < 6/2 < 8. 
Consider the subcontinuum F, = f- “(l)( Ej) which is an arc from c to c’ in X. Note 
that supldiam fj(F,)lj=O, l,..., n(i)) > sup{d( f’( c), f’( c’))lj = 0, 1,. . . , n(i)} 
> F. If diam F, 6 6, by Proposition 1.2, diam Ej = diam f n’i’(Fi) > 6. This is a 
contradiction. Hence we can conclude that diam F, > 6. Choose a subarc G, of Fi 
containing c such that diam Gi = 6. Since diam f ““‘(Gil < 6, by Proposition 1.2 
we see that sup{diam fj( Gi) (j = 0, 1,. . . , n(i)} < e. We may assume that lim,,,Gi 
= A,(,. Then diam A,,, = 6 and x0 E A,,) E WCS. Next, choose a sequence B, 3 B, 3 
. . . of nondegenerate subcontinua in A,,, with lim, ,,diam Bi = 0. Since B, E W,‘, 
we can choose a Cantor set C, in Bj such that (- 1 if c, c’ E Cj and c Z c’, then for 
some n > 0, d(f-“Cc), f-“(c’)) > c. By the same way as above, we can choose an 
arc H, such that H, contains a point of B,, diam Hi = 6 and sup(diam f-‘( H,) ) j 
= 0, l,..., n(i)) <E. We may assume that lim,,,H, = B,,,. Then xg E B,()E We’ 
and diam B,” = 6. This completes the proof. q 
It is well known that if X is an infinite compact metric space, then X admits no 
positively expansive homeomorphism. But, there are many continua which admit 
positively continuum-wise expansive homeomorphisms. For the case of Peano 
continua, we have the following result as a corollary of Theorem 1.6. 
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Corollary 1.7. If X is a Peano continuum, then X admits no positively continuum-wise 
expansive homeomorphisms. 
Corollary 1.8. Let f : X-,X be a continuum-wise expansive homeomorphism of a 
Peano continuum X. If A E W” U W”, then Int A = @. 
Remark 1.9. In the statement of Theorem 1.6, Corollaries 1.7 and 1.8, we cannot 
omit the assumption that X is a Peano continuum (e.g., see [19, (2.7)]). 
2. Continuum-wise fully expansive homeomorphisms and their examples 
In this section, taking account of Proposition 1.3, we shall define the notion of 
continuum-wise fully expansive homeomorphisms, which have often appeared in 
chaotic topological dynamics and continuum theory (e.g., see [19,25,26,301). 
Assume that X is a continuum. A homeomorphism f : X+X is called a 
continuum-wise fully expansive homeomorphism (for simplicity, we call it a CF-ex- 
pansive homeomorphism) provided that for any E > 0 and 6 > 0, there is a natural 
number N = N(E, 6) > 0 such that if A is a subcontinuum of X with diam A > 6, 
then either d,( f “(A), X) < E for all n > N, or d,(f-“(A), X> < E for all n > N. 
A map f : X--,X is positively continuum-wise fully expansiue (for simplicity, we call 
it PCF-expansive) provided that for any E > 0 and 6 > 0, there is a natural number 
N = N(E, 6) > 0 such that if A is a subcontinuum of X with diam A > S, then 
du(f “(A), X) < E for all n > N. In topological dynamics and continuum theory, 
there are many important examples of CF-expansive homeomorphisms and PCF- 
expansive homeomorphisms, which we will show later. 
Let f : X+X be a map of a compact metric space X. Consider the following 
inverse limit space: 
(X, f) = {(xi)~SI(xi~X and f(xi+,) =x, for each i). 
The set (X, f 1 is a compact metric space with metric 
d( 2, F) = 2 d( Xi, Yi)/2’, 
i=l 
where x’= (xi)~=i, 5 = (Yi);=l E (X, f ). 
Defineamapf:(X, f)*(X, fjbyfix,, x2 ,... )=(f(x,), x,, x2 ,... ).Thenfis 
a homeomorphism and called the shift map of f. 
A continuum X is decomposable [21] if X is the union of two subcontinua 
different from X. A continuum X is indecomposable if it is not decomposable. A 
continuum X is hereditarily decomposable (respectively hereditarily indecompos- 
able) if each nondegenerate subcontinuum of X is decomposable (respectively 
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indecomposable). By dim X, we mean the covering dimension of a space X (see [S] 
for several properties of dimension of separable metric spaces). 
Example 2.1. Let S’ = (eie E Cl 0 < 13 < 27~) be the unit circle in the complex 
number plane @ and let f, : S’ -+ S’ be the map defined by f,<e”) = eipe (p = 
2, 3,. . .>. Then (S’, f,> is the p-adic solenoid and the shift map f;, : (S’, f,> --) 
(S’, f,) of f, is an expansive homeomorphism [30] and also a PCF-expansive 
homeomorphism (see Theorem 3.11 below). Note that (S’, f,> is indecomposable 
and it cannot be embedded into the plane R2. Next, consider the following sets in 
R2: A=((x, y) E[W~(X~+~‘=~ and y>O}, B={(x, y) ~(W~[.x~+y~=l, y< 
01, c = {(x, 0) E [wq 1 < x < 21, D = A u B u C, * = (2, 0) E C. Let Ai, Bi, Ci, Di 
and * i (i = 1, 2, 3) be copies of A, B, C, D and * , respectively. Let G = 
v := 1( Di, * i) be the one-point union of ( Di, * i) (i = 1, 2, 3). We assume that AT, 
g, and <. (i = 1, 2, 3) are oriented arcs as in Fig. 1. Define a map f : G + G on its 
oriented arcs by 
c”, -+ - c’, - il + $, + 2, - c’, - ii+2 +g2 + i?2 - c’, - ii+3 +& + c3, 
c-3 - -c, - - jj+2+~2+~2-&$+/-i+l+?l-~2-ii+2+~2+&. 
Then f:(G, f) - (G, f> is an expansive homeomorphism and it is also a PCF-ex- 
pansive homeomorphism (see Theorem 3.11 below). Note that (G, f) can be 
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embedded into the plane R*. The continuum (G, f> is known as a Plykin’s 
attractor (see [17,25,26]). Also, it is well known as a Lake of Wada. 
Example 2.2. Let I = [O, 11 be the unit interval and let f,, : I --, I h > 2) be the 
map defined by 
f,,(t)=(nf;:s+l i;;i;;t, 
t 3 
for t E [s/n, s + l/n] and s = 0, 1,. . . , n - 1. Then (I, f,) is the Knaster’s arc-like 
continuum of order n and the shift map fl, : (I, f,> + (I, f,> of f,, is a PCF-expan- 
sive homeomorphism (see Theorem 3.11), but it is not an expansive homeomor- 
phism. Note that (I, f,) is indecomposable and it can be embedded into the plane 
R2. 
Remark 2.3. There is a hereditarily indecomposable continuum which admits a 
PCF-expansive homeomorphism. In [23], Mint and Transue proved that there is an 
onto map f : Z --f Z such that (I, f) is the pseudoarc (= hereditarily indecompos- 
able arc-like continuum) and f- is topologically transitive. Moreover, f- is chaotic in 
the sense of Devaney (see [4]). They proved that f is a PCF-expansive map (see 
[23, p. 11701). By Theorem 3.11 below, f is a PCF-expansive homeomorphism on 
the pseudoarc (I, f >. By Theorem 4.15 below, we know that if a hereditarily 
indecomposable continuum X admits a CF-expansive homeomorphism f, then 
either f or f-l is PCF-expansive and X is l-dimensional. 
Let A be a 2 x 2 matrix satisfying (i) all entries of A are integers, (ii> 
det A = k 1 and (iii) A is hyperbolic, i.e., none of its eigenvalues have absolute 
value one. In particular, by (ii) and (iii), the eigenvalues A,, A, are real and we may 
assume that IA, I> 1, (A,) < 1. For example, consider a matrix A = (: i). Let 
fA :R2 + R2 be the map induced by A. Let T be the torus S’ X S’ and let 
L, : T + T be the map induced on T by A, i.e., pfA = L,p, where p: R2 - T is 
the natural covering projection. Then L, is called a hyperbolic toral automorphism. 
The dynamical properties of L, are well known (e.g., see [4]). In particular, L, is 
an expansive homeomorphism [27]. By Corollary 1.7, T admits no positively 
continuum-wise expansive homeomorphism. Then we obtain the following result. 
Proposition 2.4. Let L, : T + T be a hyperbolic toral automorphism. Then L, is a 
CF-expansive homeomorphism .
Outline of the proof. Let A, and A, be the eigenvalues of A such that IA, ( > 1 and 
(A,( < 1. Let I/; be the eigenvector space corresponding to hi (i = 1, 2) in R*. Let 
C be a nondegenerate subcontinuum in T. Since for any two points x and y of T 
there is the isometric homeomorphism h of T with h(x) = y induced by a parallel 
translation on R2, we may assume that p-‘(C) contains the point (0, 0) E R2. If we 
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choose a small subcontinuum C’ of C, we may assume that p] E : E + C’ is a 
homeomorphism and there is a parallelogram D in R2 such that E c D as in Fig. 
2, where E is the component of p-‘(C’) containing (0, 0). We may assume that 
one of the following cases is satisfied. Case (I): C’ intersects both of the segments 
[a,, a21 and [a,, u4]. Case (II): E intersects both of the segments [a,, as] and 
[a,, u4]. If Case (I) is satisfied, then lim,,,f<(E) = Vi (see Fig. 1). By [4, 
Proposition (4.51, p. 1931, Iim n +&“,(C’) = T. Similarly, if Case (II) is satisfied, 
lim n _Lin(C’) = T. B y using this fact, we can conclude that L, is a CF-expansive 
homeomorphism. 0 
Note that dim T = 2 and T is decomposable. In Corollary 4.6 below, we shall 
show that a continuum admitting a PCF-expansive homeomorphism is l-dimen- 
sional and indecomposable. 
3. Some properties of continuum-wise fully expansive homeomorphisms 
In this section, we study some basic properties of CF-expansive homeomor- 
phisms. A compact metric space X is Suslinian if each collection of mutually 
disjoint, nondegenerate subcontinua of X is countable. A compact metric space X 
is nowhere Suslinian if for any nonempty open set U of X, Cl(U) is not Suslinian. 
Theorem 3.1. If f : X +X is a CF-expansive homeomorphism of a continuum X, 
then X is nowhere Suslinian. More precisely, for any open nonempty set U of X, there 
is a closed subset Z of Xsuch that Z c U, each component of Z is nondegenerate, the 
space of components of Z is a Cantor set, the decomposition of Z into components is 
upper and lower semicontinuous, and all components of Z are members of Ws or 
W”. 
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Proof. By [19, (6.111 and [181, there is a closed subset 2 of X such that each 
component is nondegenerate, the space of components of 2’ is a Cantor set, the 
decomposition of 2’ into components is upper and lower semicontinuous and all 
components of 2 are members of W” or W”. We may assume that all compo- 
nents of Z’ are members of W”. Let U be any nonempty set of X. Let C be a 
component of Z’. Since C E W”, lim ,~ ,,f”(C) =X. Choose a natural number N 
such that fN(C) n ZJ f @. Since the space of components of Z’ is a Cantor set, by 
[3, (2.01 there is a closed subset Z cfN(Z’) f’ U of X which is a desired closed 
subset. 0 
A homeomorphism f : X +X of a compact metric space X is topologically 
transitive 1291 if there is a point x of X such that 0,4x> = {f”(x)) n E Z} is dense 
in X. An onto map f : X + X is topologically mixing [l] if for any nonempty open 
sets U and V of X, there is a natural number N > 0 such that U nf”(V> # fl for 
all IZ &N. Note that if a homeomorphism f is topologically mixing, then f-’ is 
topologically mixing, and also if a homeomorphism f is topologically mixing, then 
f is topologically transitive. 
Lemma 3.2. Let f : X +X be a CF-expansive homeomorphism of a continuum X. If 
W u contains a nondegenerate element, then for any E > 0 there is a positive number 
6 such that for any x EX there is a nondegenerate element A, of W,’ such that 
x EA, and diam A, = 6. 
Proof. Since f is a continuum-wise expansive homeomorphism, we may assume 
that positive numbers c > 2.5 > 6 > 0 are as in Proposition 1.2. Take A E W8” such 
that A is nondegenerate. Let x be any point of X. For each natural number i, 
there is a natural number N(i) such that d,( f N(i’(A), X) < l/i. Choose a point a, 
of f N’i’(A) such that d(a,, x) < l/i and a subcontinuum Aj of A such that 
a E f n(“(Ai> E WE’ and diam f n(‘)(A > = 6 (see the proof of [19, (2.311). Since 
d(X) is a compact metric space and he” is closed in C(X), we may assume that 
lim,,,fN(“(Ai) =A,. Then x EA, E W,” and diam A, = 6. This completes the 
proof. 0 
Proposition 3.3. Let f : X*X be a CF-expansive homeomorphism of a continuum 
X. Then neither f nor f- ’ is PCF-expansive if and only if for any E > 0 there is a 
positive number S such that for any x E X, there are A, E W,’ and B, E W,’ such 
that x E A, fl B, and diam A, = 6 = diam B,. 
Proof. Suppose that neither f nor f-’ is PCF-expansive. Suppose, on the contrary, 
that there is n > 0 such that if A E C(X) and diam A ,( 7, then A E W,“. Since f 
is CF-expansive, we see that f is PCF-expansive. This is a contradiction. Hence 
thereisasequence A,, A,,... of subcontinua of X and a sequence q1 > n2 > . . . 
of positive numbers with lirni+=n; = 0 such that diam A, < qi and Ai E W,“. By 
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using these sequences and Proposition 1.2, we obtain a subcontinuum A of X such 
that diam A = 6 and A E W,‘. Similarly, since f-’ is not PCF-expansive, there is a 
subcontinuum B of X such that diam B = 6 and B E WE”. By Lemma 3.2, we see 
that for any x E X, there are A, E W,’ and B, E WF” such that x E A, n B, and 
diam A, = 6 = diam B,. 0 
Remark 3.4. In the statement of Proposition 3.3, we cannot replace CF-expansive 
and PCF-expansive by continuum-wise expansive and positively continuum-wise 
expansive, respectively. Also, note that in Theorem 1.6 and Proposition 3.3, 
dim(A, n B,> = 0. 
Theorem 3.5. If f : X+X is a CF-expansice homeomorphism of a continuum X, 
then f is topologically miving. 
Proof. By [19, (2.5)], there is a nondegenerate subcontinuum A E W” or W ‘. We 
assume that A E W “. Let U and V be nonempty open sets of X. By Theorem 3.1 
or Lemma 3.2, we can choose a nondegenerate subcontinuum C in V such that 
C E W”. Since f is CF-expansive, there is a natural number N such that f”(C) n 
U # 0 for all n > N, and hence f “(VI n II # fl for all n > N. This implies that f is 
topologically mixing. Cl 
Corollary 3.6. If f : X+X is a CF-expansive homeomorphism of a continuum X, 
then for any subcontinuum A of X with Int A f @, lim, ,,f “(A) = X = 
lim ,,,,f-“(A), and hence for any A E W”U W”, Int A = @. 
Remark 3.7. The converse assertion of Theorem 3.5 is not true. In fact, if 
f,, : X, + X,, (n = 1, 2, . . . ) is a homeomorphism of continuum X,, such that f, is 
topologically mixing, then the product nT=, f,I : n: = r X, + nz,, X, is also topo- 
logically mixing. However, for any homeomorphisms f : X+X and g : Y * Y of 
continua the product f X g : XX Y -j X X Y is not a CF-expansive homeomor- 
phism. 
For the l-dimensional case, we have 
Example 3.8. Let fi : I --) I be the map as in Example 2.2 and let Y = (I, f,>. Let 
p = (0, 0,. . . > E Y and put C = n7, (0, l} and define the shift homeomorphism 
u :C + C by a((~,>~) = (ci_ 1),. Let X = (Y x C>/((p} x 0, i.e., X is the decompo- 
sition space obtained from Y X C by identifying the set (p} X C to a point. Define 
a homeomorphism f : X + X by f(( y, cl> = [f-J y), ~(~11. Then f is topologically 
mixing, but f is not a CF-expansive homeomorphism. 
Theorem 3.9. Let f : X-j X be a CF-expansive homeomorphism of a continuum X 
anddim X=n>l.ZfT(f)=( x E XI Or(x) is dense in X), then dim(X - T( f )> = 0 
and dim T(f) > n - 1. 
Fully expansice homeomorphisms 249 
Proof. By Theorem 3.5, f is topologically mixing, and hence topologically transi- 
tive. By [29, p. 1271, T(f) is G,-dense in X. Put T(f) = f-l y= ,Gi, where each Gi is 
an open set in X. We shall show that if A E C(X) is nondegenerate, then A 
contains a point p with p E T(f). Let ZZ’ = (U,),,i be a countable open base of X. 
By induction, we can choose a sequence A = A, IA, I . . . of nondegenerate 
subcontinua of A and a sequence N(l), N(2), . . . of integers such that fN”‘(Ai) c U, 
for each i, because f is CF-expansive. Take a point p E n y_, Ai. Clearly p E T(f). 
Since X - G, CX - T(f), X - Gi is a totally disconnected closed subset of X. 
Hence dim(X- Gil = 0. By using the sum theorem and the addition theorem of 
dimension (see [SD, we see that 
dim(X- T(f)) = dim fi (X- Gi) = 0 
i i= 1 1 
and 
dimT(f)>dimX-dim(X-T(f))-l=n-1. 0 
Remark 3.10. In the statement of Theorem 3.9, we cannot replace the assumption 
that f is CF-expansive by the assumption that f is topologically mixing. Let 
f : X + X be a homeomorphism of continuum X that is topologically mixing. Then 
f Xf : X x X +X XX is topologically mixing. If A denotes the diagonal set of 
XXX,thenAnT(fXfl=@.Hencedim(XXX-T(fXfll>dim A=dim X> 
1. 
By a graph, we mean a l-dimensional compact connected polyhedron. 
Theorem 3.11. Let f : G + G be an onto map of a graph G. Then the following are 
equivalent. 
(1) The shift map f of f is a CF-expansive homeomorphism. 
(2) f is a PCF-expansive homeomorphism. 
(3) f is a PCF-expansive map. 
(4) f is topologically mixing. 
(5) fris topologically mixing. 
Proof. Let X = (G, f 1. We shall show (11 + (2). By the proof of 119, (3.211, there is 
a positive number T > 0 such that if A E C(X) and diam A < 7, then A E W”. By 
this fact, f is PFC-expansive. Clearly (2) + (1). We show (2) + (3). Let E and 6 be 
any positive numbers. Since G is a graph, we can choose a small positive number 
y > 0 such that if D E C(G) and diam D = S, then there is A E C(X) such that 
diam A = y and p,(A) CD, where pn : (G, f) -+ G denotes the natural projection 
defined by p,((x,ji> =x, (n > 1). Since f’ is PFC-expansive, by using the above fact 
we can see that f is a PFC-expansive map. Clearly (3)--f (21 and (3) ---) (4). We 
show (4)-+ (3). Let E and 6 be any positive numbers. Choose a finite open cover % 
of G such that if D E C(G) with diam D 2 6, then there is U E % such that 
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U CD, because G is a graph. Since f is topologically mixing, we can easily prove 
that there is a natural number N such that if D E C(G) with diam D > 6, then 
d,(f”(D>, G) < E for all n 2 N. This implies that f is PCF-expansive. Clearly (4) 
and (5) are equivalent. This completes the proof. q 
Example 3.12. In the statement of Theorem 3.11, we cannot replace the assump- 
tion that G is a graph by the assumption that G is a l-dimensional ANR (or AR). 
Let T, be a simple triod in the plane Iw*, i.e., T, = A(1) U A(2) U A(3), where each 
A(i) is a segment in the plane with an endpoint a and A(i) n7A(j) = {a} (i f j). Let 
a(i) be the middle point of A(i). Set T(i) =A(i, 1) UA(i, 2) UA(i, 31, where each 
A(i, j) is a segment in the plane, a(i) is an endpoint of each A(i, j), A(i, 1) U 
A(i, 2) =A(i), A(i, j) nA(i, k) = (a(i)) (j f k) and the family l&i, 3)li=,,,,, is 
disjoint. Set T2 = U 3=1T(i). By induction, we obtain T(i,, i,, . . . , i,> (ii E (1, 2, 31). 
Put T,= Uiirt1,2,3jT(‘1, i2,...,in-, ) and D = Cl(lJ Tz ,T,). Then we may assume 
that D is a dendrite (= l-dimensional AR) (see 1101). Let D - {a) = P, UP, U P3, 
where each P, is a component of D - (a} with P, f P, (i f j). Put Dj = Cl(P,). Let 
f:D+Dbeamapsuchthatf(Di:Di + D is a homeomorphism for each i = 1, 2, 
3 and for each (i,, i,, . . . , i,> (i, E 11, 2, 31) there is (ji, j,, . . . , jn_l) (j, E (1, 2, 31) 
such that f(A(i,, i,, . . . , i,>) =A(j,, jz,. . . , j,_ ,). We may assume that f(T,) = T,. 
By the construction of f, we see that if U is any nonempty open set of D, there is 
a natural number N such that f”(U) = D for all II > N. Hence the shift map f of f 
is topologically mixing, but not CF-expansive, because f(T,) = T,. 
By the same way as in the proofs of 119, (3.7) and (4.9)], we have the following. 
Proposition 3.13. Let G be any graph. Then there is a PCF-expansive map f : G --f G. 
In particular, the shift map f : (G, f ) + (G, f > is a PCF-expansive homeomorphism. 
Proposition 3.14. Let g : Z + Z be any homeomorphism of a zero-dimensional 
compact metric space Z. Then there is an indecomposable arc-like continuum X 
containing Z and a PCF-expansive homeomorphism f : X +X that is an extension of 
g. 
4. Dimension and indecomposability of continua admitting CF (PCF)-expansive 
homeomorphisms 
In this section, we study dimension and indecomposability of continua that 
admit CF (PCF)-expansive homeomorphisms. In particular, we show that if a plane 
continuum X admits a CF-expansive homeomorphism f, then either f or f-’ is 
PCF-expansive and hence X is indecomposable. 
Let A and B be disjoint closed subsets of a space X. A closed subset S of X is 
said to be a separator of A and B if X - S is the union of two disjoint open sets, 
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one containing A and the other containing B. A closed subset S of X is said to be 
a continuum-wise separator of A and B provided that every subcontinuum in X 
from A to B meets S. A family {( Ai, Bi) ( i E A) is essential if for each i E A 
(Ai, Bi) is a pair of disjoint closed subsets in X such that if Sj is any separator of 
Ai and Bi, then fl itn Si f @. 
Let C,, C,, . . . , C,,, be a sequence of subsets of X. Then the sequence is said to 
be a chain and denoted by [C,, C,, . . . , C,], provided that Ci f’ C, f fl if and only 
if Ii-jl<l for each l<i, j<m. Moreover, if C,nA#fl #CC,nB, then the 
chain [C,, C,, . . ..C.lissaidtobeachainfromAtoB.Achain[C,,C,,...,C,]is 
an q-chain if mesh{C,) i = 1, 2,. . . , m} < 7. For any subsets A and B of X, put 
d(A, Bl=inf{d(a, b)laEA and ~EBJ. 
Lemma 4.1 [28, (4.2)1. Let X be a compact metric space with dim X > n + 1. If 
((A,, B,)li= 1, 2 ,..., n + 1) is an essential family and Y is a continuum-wise 
separator of A,,+ 1 and B,, ,, then dim Y a n. 
Lemma 4.2. (8 Let f : X + X be a CF-expansive homeomorphism of a continuum X 
and let Z be any finite open cover of X. Then for any 6 > 0, there is a natural 
number N > 0 and a positive number r] > 0 such that if [C,, C,, . . . , C,,,] is any 
q-chain in X with d(C,, C,) z 6, then one of the following conditions holds: 
(1) For each U E 22, there is Ci (1 d i G m) such that f N(Ci) n U # cd. 
(2) For each U E ?J%, there is C, (1 G i G m) such that feN(Cj) n U # @. 
(ii) Let f:X+Xb e a PCF-expansive map of a continuum X and let Z be any 
finite open cover of X. Then for any S > 0, there is a natural number N > 0 and a 
positive number q > 0 such that if [C,, C,, . . . , Cm] is any T-chain in X with 
d(C,, C,) > 6, then the above condition (1) is satisfied. 
Proof. Choose F > 0 such that if A E C(X) and d,(A, X) <e, then A n U f 0 
for any U E Z. Since f is a CF-expansive homeomorphism, we can choose a 
natural number N such that if A E C(X, 6), then d,( f “(A), X) < E for all n 2 N 
or du( f-“(A), X) < e for all n > N, where C(X, S> = (A E C(X) ( diam A > S}. 
Suppose, on the contrary, that there is a sequence 71~ >v2 > . . . of positive 
numbers such that liml_mqi = 0 and f or each i there is an Ti-chain 
[c;, c;, . . . , C~,,i,] such that for each i, d(Cf, C&J > S and there are Ui, Vi’ E z 
such that (U $)fN(C’j)) n U, = @ and (U ~~~fmN(C,!)) n Vi’ = @. Since 2x = {Cl C 
is a nonempty closed subset of Xl with the Hausdorff metric d, is a compact 
metric space, we may assume that lim , +,Cl( U y>i)Cj> = A and there are U, U’ E Z! 
such that Cl( U 72: f “(Ci)) n U = 0 and Cl( U yzi f-“(Cf)) n U ’ = @. Then diam A 
2 6 and fN(A) n U = 91 = fpN(A) n U’. Hence dH(fN(A>, X) 2 F and 
d,(f-N(AX X) 2 E. This is a contradiction. The proof of (ii) is similar. 0 
In [22], MaiiC proved that if a compact metric space X admits an expansive 
homeomorphism, then dim X < W. More generally, if a compact metric space X 
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admits a continuum-wise expansive homeomorphism, then dim X < 00 (see [19]). 
Here we obtain the following. 
Theorem 4.3. If a continuum X admits a PCF-expansive map f, then dim X = 1. 
Proof. Suppose, on the contrary, that dim X > 2 and hence there is an essential 
family ((A, B), (A’, B’)} of X (see 18, pp. 35, 781). Let W be a nonempty open set 
of X such that Cl(W) #X. Choose a point p EX - Cl(W) and put &a = 
d(Cl(W), p) > 0. Let y > 0 be any positive number. By Lemma 4.2, we can choose 
a natural number N,(l) and a finite open cover %, of X such that the mesh of Y/i 
is sufficiently small and any chain [CT,, U,, . . . , U,,,] of Z, from A to B (i.e., 
CT, nA # fl # U,,, n B) has an element U, such that f N(“(Uk> n W # fl and Cl(U,) 
n (A u B) = 91. Also, we may assume that diam f N”‘(U) < ~~/3 for each U E 2Y 
and if E E C(X) and diam E > y, then d(f N"'(E), p) < ~“/3, because f is a 
PCF-expansive map. Put 
S;= U{C~(U))IUE%,, fN(‘)(U)nW#g) andCl(U)n(AuB)=@}. 
Note that S{ is a continuum-wise separator of A and B. We may assume that each 
component of S; has a small diameter ( G y). Choose a closed neighborhood S, of 
S; such that each component of S, has a small diameter such that S, n (A U B) = @. 
Note that S, is a separator between A and B. Put X - S, = C, U D,, where C, 
and D, are open sets with Cl(C,) n Cl(D,) = @ and A c C,, B CD,. Put A, = 
Cl(C,) and B, = Cl( 0,). By the similar way as before, choose a large natural 
number N(2) and a finite open cover YJz of X such that the mesh of ZJz is 
sufficiently small and any chain [U,, U,, . . . , U,] of gz from A, to B, has an 
element of U, such that f N(2)(Uk> n W# @ and Cl(U,> n (A, u B,) = @. Put 
s;= u(Cl(u)lu~~~, fN@)(u) n W#@ 
and Cl(U) n (A, u B,) = fl). 
Choose a closed neighborhood S, of Si in S, as before. If we continue this 
process, we have a sequence S, 1 S, 3 . . . of separators of A and B such that 
lim ,,,sup(diam Cl C is a component of SJ = 0. Put S = n;D=,s,. Note that 
dim S = 0. Also S is a continuum-wise separator of A and B. However, by Lemma 
4.1, dim S > 2 - 1 = 1. This is a contradiction. Hence dim X = 1. 0 
Remark 4.4. Let A be the 2 X 2 matrix (f i). The eigenvalues are h, = 2(3 + 6) > 
1, h, = 2(3 - 6) > 1. One might think that L, : T + T is a PCF-expansive map. 
In fact, we see that if a subcontinuum C of T contains p(H), where H is a 
segment of R2, then lim n +_L>(C) = T. However, by Theorem 4.3, L, is not a 
PCF-expansive map. It is not so easy to check that there is a subcontinuum C of T 
such that lim ,,,L’$C) f T. 
Theorem 4.5. If f : X + X is a PCF-expansive homeomorphism, then X is indecom- 
posable . 
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Proof. Suppose, on the contrary, that X is decomposable. There are subcontinua 
A and B in X such that A UB=X and A -B#@ #B-A. Choose two points 
a EA -B, b E B -A and E > 6 > 0 such that E < min(d(a, B), d(b, A)}. Choose a 
natural number N(E, S> > 0 such that if C E C(X) and diam C 3 6, then 
dn(f ncF* ‘j(C) X) < E. Let c EA n B. Consider the following three cases. 
Case I: fe’(F(F, “j(c) EA n B. Since a E X= f-N(“3 “)(A) u f-n’“, ‘j(B), we may 
assume that a E f- n(‘, “(A). Hence diam f- NC&s ‘)(A) > 6, which implies that 
d,(A, X) < E. This is a contradiction. 
Case II: f-N(‘*S)(~) EA -B. Since b EX=~-~(‘,*)(A) Uf-N(“TS)(B), we may 
assume that b E f- N(E- “(A). Then diam f -N(E, “‘(A) a 6. Hence d,(A, X) < E. 
This is a contradiction. If b E f-N(E,S)(B), then diam f-N(“, “j(B) > 6. Hence 
d,(B, Xl < E. This is a contradiction. 
Case III: f- N(f, ‘j(c) E B -A. The proof is similar to Case II. q 
Corollary 4.6. If a continuum X admits a PCF-expansiue homeomorphism of X, then 
X is l-dimensional and indecomposable. 
Corollary 4.7. Let f: G + G be a map of a graph G. If f:(G, f) --) (G, f) is a 
CF-expansive homeomorphism , then (G, f ) is indecomposable. 
Proof. Put G, =p,((G, f )), where p, :(G, f) + G is the first coordinate projec- 
tion, and fl = fl G,. Then fl :G, -+ G, is an onto map and (fI, G,)= (G, f), 
f; = f: The corollary follows from Theorems 3.11 and 4.5. 0 
Let [F be a collection of compact polyhedra. A continuum X is [F-like if for any 
F > 0 there is an onto map f : X + P such that P E IF and f is &-mapping, i.e., 
diam f-‘(y) < F for each y E P. Note that a continuum X is l-dimensional if and 
only if X is [F-like, where [F = (all graphs}. For the case of l-dimensional continua, 
the following problem will be raised: If X is a l-dimensional continuum admitting 
a CF-expansive homeomorphism, then is X indecomposable? 
As a partial answer to this problem, we have the following. 
Theorem 4.8. Let iF be a collection of graphs such that maxIrank H,( P) ( P E [F} < w, 
where H,(P) denotes the first homology group. If a continuum X is [F-like and X 
admits a CF-expansive homeomorphism, then X is indecomposable. 
Proof. Choose a natural number m such that max{rank H,(P)) P E [F} <m < ~0. 
Suppose, on the contrary, that X is decomposable. Let X =A U B, where A and 
B are proper subcontinua of X. Choose a nonempty open set U of X such that 
Cl(U) c B -A. Put F = d(Cl(U), A). Choose a sufficiently small positive number 6 
such that 6. m .6 < diam X. For 6 > 0, take a positive number n and a natural 
number N satisfying the condition of Lemma 4.2. Choose a positive number 7’ < n 
such that diam fN(Z) < E and diam f-n(Z) <E if Z is a subset of X and 
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diam 2 < n’. Since X is E-like, there is an onto map g : X + P (P E [F) such that 
diam g-‘(y) < 7’ for any y E P, and hence there is a finite open cover % of X 
such that the nerve N(Z) = P and mesh %! < 7’. Since 6. rn. 6 < diam X, there is 
a chain U = [U,, U2,. . . , 17~1 of % such that there are disjoint subchains 
ru;, . . .) U~cl,] (1 G i G 6~2) of U such that d(UI, I!$~~,> a 6. Hence we may assume 
that fN<lJ $‘l_)lU$ n U # 0 and fN(lJ kp’$lUk) nA f fl for 1 G i G 3m. By using 
those subchains, we can construct disjoint chains [V/, . . . , VJ:cj,] (j = 1, 2,. . . , m> of 
W such that f”<V/> nA # ti #fN(1/4’cj,> nA and fN(lJ $\I’/) n U f @. Note that 
if fN(V,$ n U # @, then f”<I’L> nA = (8. Since A is a continuum, we can see that 
N(fNWc>> = NC%) contains m different simple closed curves each of which con- 
tains an arc apart from the other m - 1 simple close curves (see Fig. 3). This is in 
contradiction to the fact that rank H,(N(ZZ/)) <m. This completes the proof. 0 
In relation to the above results, one might ask the following question: If 
f : X + X is a (positively) continuum-wise expansive homeomorphism of a l-dimen- 
sional indecomposable continuum X, is f a (P)CF-expansive homeomorphism? 
This question has a negative answer. 
Example 4.9. Let S, v S, be the one-point union of two circles S, and S, and let a’ 
and b’ be oriented circles of S, and S,, respectively. Let f : S, V S, + S, V S, be 
the natural map defined by f(Z) = (a’)* and f(g) = (g. a’>*. Then f is a positively 
expansive map (see [ll), and hence f: ((S, V S,), f> --f ((S, V S,), f> is an expan- 
sive homeomorphism. Note that X = ((S, V S,>, f> is indecomposable and f(Y) = 
Y, where Y = (S,, fl S,) $X. Also, f is a positively continuum-wise expansive 
homeomorphism, but it is not CF-expansive. Let g : I + I be the map defined by 
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g(x) = 2x (x E [O, l/41), g(x) = -2x + 1 (x E [l/4, l/2]), g(x) = 4x - 2 (x E 
[l/2, 3/41) and g(x) = -4x + 4 (x E [3/4, 11). Then g : (I, g) * (I, g) is a posi- 
tively continuum-wise xpansive homeomorphism and (I, g) is an indecomposable 
arc-like continuum, but S is not CF-expansive. 
In Proposition 2.4, we know that there is a Peano continuum X (e.g, the 2-torus 
T) such that X admits a CF-expansive homeomorphism and dim X= 2. Note that 
T cannot be embedded into R* and T admits no PCF-expansive map (see 
Corollary 1.7). However, for the case of plane continua, we have the following 
theorem. 
Theorem 4.10. Let X be a continuum in the plane R*. Zf f : X + X is a CF-expansive 
homeomorphism, then either for f- 1 is a PCF-expansive homeomorphism. 
Proof. Suppose, on the contrary, that neither f nor f-’ is PCF-expansive. By 
Proposition 3.3, for any x EX, there are A, E WE’ and B, E W,” such that 
x EA, I? B, and diam A, = diam B, = 8, where c, E and 6 are as in Proposition 
1.2. Note that there are no continuum-wise expansive homeomorphisms on Peano 
continua in the plane [w* (see [12; 19, (6.2)]). Hence X is not locally connected. We 
can choose a disk D = (a, b, c, d) in R* such that there are components C,, 
(n = 1, 2,. . .> of D nX satisfying that C, f’ [a, cl # fl f C, f? [b, dl, lim,,,C, = K 
is contained in C, where C is a component of D nX (see [21, p. 2451). Also, we 
may assume that there is a sequence A,, A,, . . . of elements of W,” such that 
A,, cCn, A, n [a, c] z Id #A, n[b, d]. Also, choose a sequence B,, B, ,... of 
elements of WE’ such that B, c C,,, diam B, = y, where y is some positive 
number. We may assume that lim, ,,A, =A,, lim, ,,B, = B,. Since X is a plane 
continuum and Bi n A, = fl (i fj), we see that B, CA, (see Fig. 4). Then diam B, 
= y, B, E WE’ and B, E WE” because B, CA, E WE:,“. Then lim, ~ +,f ‘YB,) f X. 
This is a contradiction. Hence either f or f-’ is PCF-expansive. 0 
A2 
A3, 
c3 c2 
Fig. 4. 
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By Theorems 4.5 and 4.10, we obtain the following theorem. 
Theorem 4.11. Let X be a plane continuum. If X admits a CF-expansive homeomor- 
phism, then X is indecomposable and hence l-dimensional. 
By the similar proof of Theorem 4.10, we obtain the following. 
Corollary 4.12. Let X be a continuum which is not locally connected. Suppose that 
for any point x of X there is a neighborhood U of x in X such that U can be embedded 
into the plane R2. Then a homeomorphism f : X +X is CF-expansive if and only if 
either f or f ~ ’ is PCF-expansive. In particular, X must be indecomposable and 
l-dimensional. 
Let A be an arc from p to 4 in a metric space Y with metric d. Let n be a 
natural number and 6 > 0. Then the arc A is said to be (6, n)-folding 1121 provided 
that there are points p<a,<b,ia,<b,< ... <a,,<b,<q in A such that 
d(a,, bj) 2 6 for each i = 1, 2,. . . , n. 
Corollary 4.13. Let X be one of the p-adic solenoids as in Example 2.1, the Lake of 
Wada as in Example 2.1 and the Knaster’s arc-like continuum of order n as in 
Example 2.2. Let f : X -+ X be a homeomorphism. Then the following are equivalent. 
(1) f is a continuum-wise expansive homeomorphism. 
(2) f is a CF-expansive homeomorphism. 
(3) Either f or f- ’ is a PCF-expansive homeomorphism. 
Outline of the proof. Note that X satisfies the assumption of Corollary 4.12. It is 
sufficient to prove that (1) implies (2). Since each proper nondegenerate subcontin- 
uum A of X is an arc and for any large natural number n > 0, by Proposition 1.3 
there is a natural number i(n) > 0 such that f”(A) is (6, n)-folding (m 2 i(n)> or 
f-“(A) is (6, >- IZ folding (m 2 i(n)>, where 6 is a fixed positive number. Consider 
arc components of X. This fact implies that for any E > 0 there is a natural 
number n(e) such that d,( f “(A), X1 < E or d,(f-“(A), X> < E for m > n(e). 
Hence f is a CF-expansive homeomorphism. 0 
Remark 4.14. We can easily see that there is a decomposable continuum X 
admitting a positively continuum-wise expansive homeomorphism such that 6) 
dimX 2 2 or (ii) X is a plane continuum. 
In Remark 2.3, we know that there is a hereditarily indecomposable continuum 
admitting a PCF-expansive homeomorphism. The next theorem implies that for 
the case of hereditarily indecomposable continua, CF-expansiveness is equivalent 
to PCF-expansiveness and, hence no n-dimensional hereditarily indecomposable 
continua (n 2 2) admit CF-expansive homeomorphisms. A point p of a continnum 
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X is said to be an endpoint of X provided that if any K, L E C(X) contain p, then 
either K c L or L c K. Note that a continuum X is hereditarily indecomposable if
and only if each point of X is an endpoint. 
Theorem 4.15. If X is a continuum with an endpoint and X admits a CF-expansive 
homeomorphism f, then either f or f- 1 is PCF-expansive and hence dim X = 1. In 
particular, if X is a hereditarily indecomposable continuum admitting a CF-expansiue 
homeomorphism f, then either for f - ’ is PCF-expansive, and hence dim X = 1. 
Proof. Let p be an endpoint of X. Suppose, on the contrary, that f and f-’ are 
not PCF-expansive homeomorphisms. By Proposition 3.3, we see that there are 
two nondegenerate subcontinua A and B of X such that p EA fl B, A E W” and 
B E W”. Since p is an endpoint of X, either A c B or B CA. If A c B, we see that 
lim,,,f”(A) #X# lim~,,f-“(A). Th’ is implies that f is not CF-expansive. The 
case B CA is similar to the above one. Hence either f or f-’ is a PCF-expansive 
homeomorphism. By Theorem 4.3, X is l-dimensional. q 
We close this paper with the following problems. 
Problem 1. Is it true that if X is a Peano continuum and f is a continuum-wise 
expansive homeomorphism of X, then f is expansive? In particular, if X is a 
closed 2-manifold, is every continuum-wise expansive homeomorphism expansive? 
Problem 2. Does there exist a CF-expansive homeomorphism of the Menger’s 
l-dimensional universal curve? 
Problem 3. Let X be a l-dimensional continuum. If f : X--j X is a CF-expansive 
homeomorphism, then is either f or f-’ a PCF-expansive homeomorphism? 
Clearly, if Problem 3 has an affirmative answer, Problem 2 is negative. 
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